The simplest set of these is evidently aiXi 2 +a 2 x 2 2 +a 3 # 3 2 ^O» °f which type there are only three linearly independent. These conies form a net with A iA 2 A3 as a common self-polar triangle. Next in order is the quartic From (3) it is evident that to the quadruple G 4 in (x) corresponds in the space (y) uniquely a point. 3. Properties of Quadruples. To a plane section of T 4 by aiyi + ^2^2 + ^3^3+^4^4 = 0 corresponds in (x) the quartic (2). In particular to a section of T 4 by a plane through the triple-point A A of T 4 corresponds the quartic
and to the section by ;y 4 = 0 the quartic
The quartic (5) is the transform of the conic
by the quadratic transformation px{ =x 2 x 3 , px 2 = #3#i, px{ =^ix 2 . To the conic (7) corresponds on T 4 a conic which is the residual intersection by the quadric aiy 2 yz + ^2^3^1+^33^1^2 = 0. When a point B lies on (7), then all points of the quadruple G 4 determined by it lie on it. Now two generic points determine the conic (7), so that we have the following obvious theorem.
THEOREM 2. Two arbitrary distinct quadruples G 4 lie on a definite conic of the net (7).
A tangent plane at a generic point P of T 4 cuts the surface in two conies K\ and K 2 , whose four intersections lie at P and on A^Ai, A é A 2l A±A Z . To these conies correspond in (x) two conies on the quadrangle corresponding to P. Obviously, any conic in (x) may be one of these conies. The product of the two conies in (#), corresponding to Ki and K 2 > must have the form (2). Hence when a\X? +a 2 x 2 2 +a 3 Xz 2 = 0 is one of the conies, the other hx£+b 2 x 2 2 +b 3 Xz 2 =0 must be such that their product will have the form (2). This is the case when 61 = 1/01, 6 2 = l/<z 2 , 63 = 1/03, so that their product, , which together form the base points of the pencil of quartics corresponding to the plane sections through g. Through g we can draw three tangent planes to T 4 according to (10), which touch T 4 in T\, T 2} TV To these T's correspond in (x) three quadruples D h D 2 , Z> 3 . The tangent planes h, h, tz cut T 4 in three pairs of conies, of which each passes through the four P's and one of the points T 1 , and to which correspond in (x) also three pairs of conies. Each of the latter contains all four quadruples G 4 % i = l, 2, 3, 4, and one of the quadruples D. Hence the quadruples G 4 and D are as entities precisely in the relation of a complete quadrangle with its three diagonal points.
The analogy of the quadruples G and D with a complete quadrangle leads to a very simple geometric proof that the Steiner surface is of class 3. Through the quadruples G we can pass three pairs of conies To a point on #i = 0 corresponds on r 4 , pyi = x 2 2 xz 2 , 0, 0, P3>4 = #2 4 +#3 4 , that is, a definite point on A4A1 in (y). To this same point, corresponds in (x) a quadruple which lies on #i = 0, and which, from the form of the equation X2 4 -(yi/y4)x2 2 xz 2 +X3* = 0, is easily seen to have the form (0, x 2y xz) ; (0, x 2y -Xz) ; (0, x 3 , x 2 ) ; (0, # 3 , -x 2 ). The third and fourth of these points are obtained by projecting the inverse of (#i, x 2 , Xz) and (xi, x 2 , --x 3 ) in the quadratic involution x t ' = l/xi from A\ in (x) upon xi = 0. The first two points, each counted twice, must be considered as a degenerate involutorial quadrangle. The same is true of the other two. Now a generic line I in (x) cuts a quartic C 4 in four points; consequently to I corresponds on T 4 a space quartic L 4 , since it cuts the curve D A , corresponding to C 4 , and its plane in four points. As I cuts each of the sides of the coordinate triangle in one point, L 4 cuts each A^Au A±A 2t A±A% in (y), say in B u B 2l 5 3 . To L 4 correspond in (x) besides / the three associated lines Zi, Z 2 , h in the involution, which together form an involutorial quadrilateral L whose vertices lie two by two on the sides of the coordinate triangle. If a x xi+a 2 x 2 +#3X3 = 0 is the line Z, then the pole of Z with respect to the coordinate triangle A\A 2 A% is E(<Zia 3 , dzdu a\a 2 ) and its quadratic transform F (a u a 2 , # 3 ) 
Flexes and Double Tangents.
If we draw the three tangent-planes from a line g to T 4 , they cut T 4 in three pairs of conies through (P^, P 3 P 4 ); (PiP 8 , P 2 P 4 ); (P1P4, P2P3). With every couple PiPk is associated just one such conic, just as in (x) there is just one conic through the quadruples G 4 * and G 4 k . As two of the points P determine the remaining two on the line joining them, it is evident that there is just one such conic through two generic points Pi and Pk on T 4 .
A generic plane cuts T 4 in a rational quartic to which corresponds in (x) a quartic C 4 without double points. This is clear, since to a double point oî L on A4A1 in (y) correspond in (x) four distinct points on A 2 Az y and to every other point of L corresponds a proper involutorial quadruple on C 4 . The Hessian of C 4 is a sextic H Q which as a covariant of C 4 cuts C 4 in 6 involutorial flex-quadruples. Hence to HQ corresponds on T 4 a sextic which cuts the quartic L, corresponding to C 4 , in six points. These form 15 couples PiPk and through each of these couples passes a conic on T 4 . Hence we may state the following theorem. This follows, of course, also from the fact that any two generic involutorial quadruples lie on a conic.
For a plane of the pencil yi+y2+yz+^yi = 0 } the corresponding quartic C 4 in (x) becomes symmetric, so that with every point on C 4 are associated 5 other points which together lie on a conic. Hence in this case, in addition to the 15 conies of the flexes there are 4 other conies of which each contains 6 of the flexes.
The 28 double tangents of C 4 may be grouped in 7 involutorial quadrilaterals, each with two involutorial quadrangles of points of tangency, so that the 56 points of tangency form 14 involutorial quadrangles. 7. Quartics on G 48 . When (#) and (#') are connected by the quadratic involution x{ = l/#», then the corresponding points P{y) and P'(y') on the map T 4 are also birationally connected. The corresponding involution on T 4 has the form considering that y4 = (yiyi +yiy? +y?yi)/(yiy2y*)-If we form the line coordinates p%k -y%yk -y*y/ of PP', we obtain a rational congruence, whose intersection with a complex is a ruled surface which cuts T± in an invariant curve of the involution (y)+±(y'). To these correspond in (x) invariant curves of the involution (x) ^ (#')• Such curves are for example the sextics
which is the locus of couples of corresponding points (#), (x') on the tangents of the class-conic ui +ui +ui = 0, and
Both are invariant in the Cremona group G 4 s, which is the product of the quadratic involution and the octahedral group G 2 *. The curve (18) has the vertices of the fundamental triangle and the four invariant points of the quadratic involution as double points and is of the genus three type. • (xi -x 2 + xz)(xi + x 2 -xz) = 0.
For X=-l/2, the apolar conic simply assumes the form u?+u£ +u£ =0, and These Clebsch and Lüroth curves invariant under the octahedral collineation group seem to be new. The construction of these curves, outside its tediousness, does not present particular difficulties. Any tangent h of the apolar conic cuts S in four points from which four other tangents t 2} tz, ti, h may be drawn. These together with the first form one of the oo 1 pentagons inscribed to the Lüroth curve. By means of such a pentagon both curves may be represented in the well known manner:
